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ABSTRACT
We prove that every ring R without strong decomposition theorem has a strong
non-decomposition theorem. We use diamonds (but this will be eliminated in a sub-
sequent paper).

§1. Introduction

R will be a ring, not necessarily commutative, with 1; R-module is a left R-mod-
ule unless stated otherwise. In [Sh54] = [Sh54a] 8.7 we proved

1.A. TueoreM. For every ring R, either:
(1) all R-modules are the direct sum of countably generated R-modules (such
rings are called left pure semisimple rings)
or
(2) for every cardinal A > |R|,
(), there is an R-module M of power \ such that for no p < \ is M the direct
sum of R-modules of power < p.
In fact (1) = —1(2) < the class of R-modules is superstable < a condition on equa-
tions in R.

Subsequently, Garavaglia [Gr] and then Ziegler (Z] much improve the results
concerning (1) (e.g., unique decomposition to indecomposable modules). See more
in Prest [P1] and [P2] about the history of this and other equivalent conditions.

But here we want to strengthen possibility (2); more specifically, we want to
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show for case (2) there are R-modules which have few endomorphisms, are “rigid
like”, and, moreover, that the decomposition theory for R-modules is “bad”; e.g.,
that the answer to:

M=N®M, N=M®N,=>N=M?

(Kaplansky’s first test problem) is negative.

In a classical way we do it by giving a ring S (the ring of endomorphisms we
want) and try to build an R-module which “has the endomorphisms for s € S but
not many more”.

The literature on the endomorphism of modules (including the restriction to in-
decomposability or rigidity, and to abelian groups which are exactly the Z-mod-
ules) is quite large.

Kaplansky in [K] suggested test problems for having a satisfactory decomposi-
tion theory.

Fuchs, with some help of Corner, proved the existence of an indecomposable
abelian group in many cardinals A (e.g., up to the first strongly inaccessible) [Ful,
and even of a system of 2* rigid abelian groups of power A (the proof was by in-
duction on A). In fact it seems at the time reasonable that for some “large cardi-
nal” (e.g., supercompact) this fails. Corner [C2] reduced the number of primes to
five.

Shelah [Sh44] proved the existence in every \ (using stationary sets). Lately,
Gobel and Ziegler generalized this to R-modules for “R with five ideals”. Shelah
[Sh45], answering a question of Pierce, constructed reduced separable (abelian)
p-groups with only “small” + p-adic endomorphism but has to use A strong limit
of uncountable cofinality.

Eklof and Mekler [EM], using diamond on At (and a non-reflecting stationary
set) got a A-free indecomposable abelian group of power A\; continuing this, in
[Sh140] the diamond was replaced by weak diamond on a non-reflecting station-
ary subset of S = {6 < N:cfd = Ry} (so for A = R, 2¥0 < 2% suffices).

Much earlier Corner [C] proved that we can realize any torsion-free reduced
countable ring as an endomorphism ring of a torsion-free abelian group and de-
duce by it a negative answer to, e.g., the Kaplansky problem cited above.

Dugas [D1] continuing [EM] proved the existence of a strongly «-free abelian
group with endomorphism ring Z (if, e.g., ¥ = L) and then Gobel [G1] realized
a larger family of rings; he used p-adic rings.

Dugas and Gobel [DG1], continuing [D1], [G1] and [Sh140] (but [DG1] used one

t1t is a consequence of ¥ = L but not provable in ZFC.
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prime), for A as in [Sh140], proved: for a ring R of cardinality < A, which is cotor-
sion free, i.e. (R,+) (an additive group) is torsion free, reduced and contain no
direct summands isomorphic to I, ( p-adic completion of Z) for all primes p.
Dugas and Gobel [DG2] characterize the rings which can be represented as End M

" modulo “the small endomorphism” for some abelian p-group, but as it continues
[Sh45] (which dealt with the case when we want the smallest such ring) the repre-
sentation of a ring R is by an abelian group M of a power strong limit cardinal of
cofinality > | R|. The situation is similar in Dugas and Gobel [DG3] where the re-
sults of [GD1] and more are obtained in such cardinals.

In [Sh172] + [Sh227] we introduce a principle “black box”, which follows from
ZFC, that enables us to get the results of [DG2], [DG3] in more and smaller cardi-
nals, e.g., A = (|R|®)*.

Corner and Gobel [CG] continue this; see there and in [EMI1] for additional
references.

In 2.1-2.5 we give the algebraic setting and choose specific bimodules which we
will use.

Next, 2.6 is the diamond construction (with a non-reflecting stationary set § <
{6 < N:cfd =Ky}, with Og). The construction is phrased such that its existence
is immediate.

Main fact 2.7 tells us that every R-endomorphism of M, (the bimodule con-
structed in 2.6) is somewhat definable.

However, we later use an even slightly weaker variant defined in 2.8(3),
(Pr)2™[F] (some a < \, n(*) < w). In 2.10 we show that it implies a stronger
version ((Pr 1)23). The rest of the section explicates the result: in M, every en-
domorphism is in some sense equal to one in a ring dE. The ring dE depends on
R and S (but not on \); the “in some sense equal” means: for each n we restrict
F to a sub-abelian group ¢, (M,) (closed under F), divide by another (N, ¢;(M,))
and take the direct limit; on top of this we have an “error term”: we have to di-
vide by a “small” submodule of M,, which means of cardinality < A. An alterna-
tive presentation is: we divide the ring of such endomorphisms by the ideal of those
with “small” range.

In section 3 we try to make the “error term” smaller. We have to avoid a “large
member” of X (e.g., projectives). So we fix a family of bimodules X (e.g., those
which are finitely generated, finitely presented). Then we ask M, to be A-free in
a sense; i.e., where My, = U, M,,, M, increasing continuous of power < A, de-
mand that every M, is the direct sum of members of X. We get this time a
smaller error term—its power is <|R| + |S| + K, and, if R, S are countable, it
disappears.
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In section 4 we draw specific consequences of our representation theorem.

In a subsequent paper [Sh421] we get the main results in ZFC (without any ex-
tra axioms); this is as done originally. We lose the A-freeness (this is unavoidable,
even for abelian groups—see Magidor and Shelah [MgSh204]). We also get, for
each m (%), an R-module M such that M = M" iff n divides m(*) and the other
Kaplanksy test problems. We shall also point out that the theorems apply to ele-
mentary (= first order) classes of modules which are not totally transcendental.

We thank Gobel and Ziegler for helpful questions on an earlier version of the
work.

1.B. REMARK. We use {N,,,N,,N¥,g,:n < ) (see 2.5) totally determined by
{¢,:n < w) (and T,R,S). However, we do not use all their specific properties,
just:

(@) N, a bimodule with a distinguished element x!"}.

(b) g, is a (bimodule) homomorphism from N, to N, mapping x'"! to x{"*+11,

(¢) Let ¢,(M) be defined as

{h(x'"1): h an R-homomorphism from N, to M]}.

(d) There is no R-homomorphism / from N, ; to N,,x!"*11p = x{71,
(e) f1,f? are R-homomorphisms from N, to N;,x!"1f; = x!"f%, N, = Rang f},
and

N, = {yf,i :y € N,, yfs — yf7 belongs to () %(Mﬁ)} .

m<w

§2. The diamond construction

2.1. REMARK. If you want to deal with many &’s simultaneously, no change is
required.

2.2. CONTEXT AND FAcT. (a) R, S rings with unit 1, T a commutative subring
of Cent R and of Cent S (Cent—the center). A bimodule M is a left R-module,
right S-module such that (rx)s = r(xs), tx=xtforx e M, t€T,rER, s€ S
(really we should say an (R, S)-bimodule). 7, R and § are fixed here (except in §4).
K, M, N denote bimodules (or left R-modules).

Homomorphisms (£, g, 4, F), particularly of R-modules, should be written from
the right (so composition is accordingly). They are homomorphism of bimodules
if not said otherwise; an R-homomorphism has the obvious meaning.

(b) The class of (R, S)-bimodules is a variety. For a homomorphism M, R M,,
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the kernel Ker F = {x € M, : xF = 0} is a sub-bimodule of M, and the image,
Rang F = {xF: x € M, }, is a sub-bimodule of M,; F preserves the satisfaction of
p.e. (= positive existential) formulas.

(c) If M, € M, (M, a sub-bimodule of M,) then M,/M, = {x + m;:x € M,}
is a homomorphic image of M,,x —~ x + M; a homomorphism, with kernel M.

2.3. AssuMpTIiON. For some bimodule M™* and sequence ¢ = {¢,(x):n < w)
of conjunctive positive existential formulas (in the language of left R-modules, see
below):

(o (M™):n < w) is strictly decreasing where o, (M) ={xeEM:MEp,[x]}.
[By [Sh54] 8.7 it exists if possibility (1) of Theorem 1.A fails.]

2.3A. OBSERVATION. ¢,(M™) is a subgroup of M* as an (additive) group and
even a sub-right S-module, but not necessarily a sub-bimodule.

2.4. TRIVIAL DERIVATIONS FROM THE ASSUMPTION. Let

mu—1
en(x) = (Syo,---,yqn_l)( A\ a'x= 3] b{,‘,-y,»>,
1=0 i<kl
so af', b}'; are members of R.

As we can replace ¢, by A<, ¢, interchange order of 3 and A and change
names of variables without loss of generality: k' = k;, a/' = a;, b]"; = b;, k; <
kKip1, m, < m,,,, and also without loss of generality my = 1, @, = 1, ko = 1,
boo = 1; i.e., go(x) = 3yp(x = yp) and g, = k;p,, ;-

2.5. DErFINITION AND CLAIM. (a) Let N, be the bimodule generated freely by
{x} U {5:0 < i< kp,,] subject only to the equations {a,x = 3;cx, by ;11 <
m,}. When confusion may arise we write x!"1, yin,

(b) Trivially: x € ¢,(N,,).

(c) Trivially: if M is a bimodule, then x* € ¢, (M) iff for some homomorphism
h from N, into M as bimodules, xh = x*.

(d) By the choice of M* and ¢ (and 2.5(c) above): x & ¢,.1(N,).

(e) Let N, be freely generated by x, y/,y/ for i < k,,,_, subject only to the

relations:

ax = Z biyi,

i<k;

ax = Z biyi.

i<k,
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Let N} for ¢ = 1,2 be the sub-bimodule of N/, generated by:
(xXJU {yiti<km,—1} for { =1,
XJU D i<kn,1) for { =2.

Let f{:N, —f—": N be the bimodule homomorphism defined by: xfi=x;y.fl =
Yisvifi=yl.

() N¥ = {2 € ¢,(N,):2fs — z2f? € N;¢(N;)] is an abelian subgroup of N,
(and S-submodule, as N; ¢; (N ) is).

2.6. THE ConNsTRUCTION. Here we give the simpler variant, under diamond,
sufficient for Kaplansky test problems.

Welet |R| +|S| + Ro<AN=cf\, 8 € {6 < A:cfd =R,} is stationary but does
not reflect, ¢5, without loss of generality 8* = {6 < N:cfd = Ry, 6 € §) is station-
ary too. We define, by induction on « < A, M, such that:

(A) M, is a bimodule and has universe y, < Aand a < A=y, < N [e.g., Yo =

AN(1+a)where A= (A")*]and a < B = v, < v;.

B) a<B=>M,c M,

(O a<B & a¢&S=M,is adirect summand of M.

(D) For limit 6 < A\, My =U, s M,.

(E) M, is the zero bimodule.

(F) If o is successor ordinal or o & 8 : M, is the direct sum of M,, and | M, |
copies of N,,, N}, for each n and some others; each bimodule of power < A
appears as a direct summand of M, ,/M,, for a stationary set of such a’s.

G) If a =y, €8, O5 gives us F,, an endomorphism of M, as an R-module
and there is P satisfying

&3 [P is a bimodule of cardinality < A extending M, such that:
@) if B < «, B & 8 then M is a direct summand of P,
(ii) F, cannot be extended to an R-endomorphism of P.

Then M,,., satisfies %y, ..
Otherwise, act as in clause (F).

Note. There is no problem in carrying out the construction: for condition (C)
we use “$ does not reflect™.

Now let M, =: U, M,, so M, is a bimodule with universe \.

2.7. MaN FAcT. Suppose M, 5 M, is an R-endomorphism of M, (i.e., en-
domorphism as an R-module). Then for some a < A\, a ¢ 8 and n(*) < w, we
have:
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(Pr)2™[F] if his a homomorphism from N, ., to M, (as bimodules), then
for every / < w we have:

(xh)F € M, + ¢,(M,) + Rang(h).

Proor oF 2.7. Suppose that the conclusion fails. So for every o < A and n <
o there is a counterexample A, ,: N, = M, to (Pr);[F], the failure involving
I(a,n) < w. Now

C=: [6 < \:F maps M; into M;, M; has universe é and, for every a < 6,
n < w, we have: Rang(h,,,) S M;)

is a club of A.

So for some o € 8, « is an accumulation point of C\$ and O gives us, for a,
F,=F! « (remember {6 < \:6 & 8, cf 6 = K,] is stationary).

We shall construct P satisfying X)%.

This suffices; why? By clause (G) of 2.6 we know that ®Lﬂ+l holds; on the
other hand there is 8, « < 8 < A such that F maps M; into Mj, so (by condition
(C) from 2.6) there is a projection F’ from Mg onto M,,,; and (F I M, )« F'is
an R-homomorphism from M, to M, ,, contradicting ®i,u+l.

Construction of P. Choose «,, such that
O=a0<a1<a2<---,
a, € C\8 forn> 0,

Rang(h,,,») € M,
a=Ja,.

n<w

n41?

For n >0, as a, € C\8 we know that M, is a direct summand of M, , so let
M, . =M, DK, Let Ko =M,,. So M, is the direct sum of {K,,:n < w}. Let
P =T11,..K,; i.e., the set of elements of P°is {(z,:n < w):z, € K,}, addition
and multiplication —coordinatewise, but we identify {(z,:n < w) with 2,4 2,
if A\,»4 2o = 0; 50 M, is a sub-bimodule of P°. For each n > 0 we know that (as
he,,n is a homomorphism from the bi-module N, to the bi-module M,, _, and by
the definition of N,—see 2.5(a)):
(o) aixhy, n = 2ick, bi,i (Vi) Ao, n fOr I < m,,
(8) xhg, F&M,, + Rang(h,, ) + C1ann (Ma,,,)
[note: the first two summands are sub-bimodules; the third, not necessar-
ily, but is an additive subgroup].
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Let g, be the projection from M, , onto K,,, so
g» I K, = identityy , g, | M, = zero

(note: g, is a homomorphism of bimodules).
Clearly by (a):
(a) ayxh,, n8n = Dick, biiViha, n8n for I < my,.
Now by the choice of g;, as Rangh, , €M,
(v) Xhg,,n — ¥R, n8r € M,,, and
(8) Yiho,,n — Yiha, n8n € M,,,
(¢) M,, + Rang(h,, ,) =M, + Rang(h,, .2:),
hence clearly by (8) (and the choice of g,):
(B') Xxhg, ngn &€ M,, + Rang(h, ,2:) + G1e,ny (M, )
Let U € w be infinite such that:

n+1°

[n<m&neuUw&meU=Il(a,,n)<ml, 0¢& .

We define x”, ¥ (n,i < w):

forngU: yf=0€Kk,,
x"=0€K,;

forneU: y=yh,, .8, fori<k,
=0 fori=k,,_; (but<w),
X" =Xxhy, n&n-

Now we define in P° some elements:
x*={x":n < w),
yi=Qln<w,

x* =x*— 3 x" e, x* =(0,0,...,0,x7,x/t, L),

n<j \
0,...,.j—1
vl =yt = Y e,y =40,0,...,0,5 5, ).
n<j \ )
0,...,j—1

We can check that by («) [and for n €& U trivially]:
(o) Ky Flax" = X<k, b,iy'] when I < my;

Isr. J. Math.
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hence
()" PO Eax*d =34, by whenl < m,.
Now we define P:

P is the sub-bimodule of P° generated by M, U {x*,y}:i < w).

Note that for i,j < w, x*/,y*/ belongs to P.

Suppose F* is an extension of F, = F t M, (which is an endomorphism of
M, as an R-module) to an endomorphism of P (as an R-module). Therefore
(x*)F* € P, so for some i(*) < w, {r;:i <i(*)) from R, {s;:i < i(*)) from S:

(1) x*F* = Zicix) riyi's; € M, (remember yg = x*).

As M, = 3., K;, for some n(*) < w and some z2 € Xjcnx) K1 = M,,,,

Q) x*F* = Zicin iYisi = 2.

Without loss of generality n(*) € U (as we can increase n(*), U € w infinite).
Let m{(*) = Min[U\ (n(*) + 1)]. We know that

B) x*rIH) = x* _Six"in<n(*)+ 1 =x" - X,cmm X" (@sng U=

x" = 0) satisfies ¢,,(«)(—) (in P!, by («)”) hence also x*-("*)*DF+ =
x*Ft — 3 {x"F:n < n(*) + 1} satisfies it in P.

Let Z,«, be the natural projection of P onto Kuxy: Koo, v1,02, .00 N Zpxy =
Un(x)s SO Zy(x) extends gy« and

@ x*’(n(*)+1)(F+Zn(*)) = (X*F+)Zn(*) = 2UX"F)Zyay:n < n(*) + 1}.
The left-hand side satisfies ¢, (x,(—) as an R-endomorphism preserves such satis-
faction, hence also the right-hand side satisfies ¢,,(s,(—). Now for n < n(*),
x" € M,,,, hence (@s o,y EC)X"FEM,, =M, S Ker Z,.,, therefore
Xx"FZ,x, =0. So the right-hand side of (4) is equal to (x*F *)Z sy — (X" F)Z, (4.
Now as Z, (. extends gy, and x"Fe M, ., clearly

5) X"F)Zy 0y = (X" F) g5y
So the right-hand side of the equation (5) is equal to (X*F*)Z, () — (X" F) g} x),
hence (see line after (4) and remember Z is a homomorphism into K, )):

(6) K+ |=¢’m(*)[(x*F+)Zn(*) - (xn(*)F)g:(*)]~
So

) X*F+Zn(*) - (X"(*)F)g:(*) € Om(») (Knx)) € @mxy (M,
By choice of g, we have

8) x"F — (x"IF) g}, € M,
and by the choice of n(*) (and as Z,, is a homomorphism of bimodules and
ZEM, ,,hencezF*=zFeEM,, ,):
® (X*F+)Zn(*) =(x"F* - 0Z,= (x*F* — DLpxy = (Zi<i(*) riyi*si)Zn(*)

= ici(*) ri(yi*Zn(*))si = Ei<i(*) (riyin‘*))si
= Dici(x) riyi(ha,,(*),n(*)g:(*))si € Rang(htx,,(,,,),n(*)g:(*))

we have

n(*)+l)'

n(*)
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[for the second equality note that z € M,,, , hence zZ,) =0as Zt M, , is
zero}.

As g7« is a homomorphism with domain M, , ,, such that (vy € M,,
[V — Y&n(x) EM,,,,] we have (remember: x € Ny (s) and x" = xh,, ) n()&n(x)—
see choice of the x™’s):

10 Xhanp),"(*)F— xhan(:),"(*)Fg:(*) EM,
and (as F maps M,,, ,, into itself)

(11) Xhan(a),'l(*)Fg:(*) - xhan(a),n(*)g:(*)FE Mﬂn(:)’
and by the choice of the x™’s

(12) x™*) = xh,, . ncx)8ns)s hence

X"F = xho, ). &nion Fo
By the last equations [first (10), (11), (12), then (8) and then (7) + (9)]:

(*)

n(*)+l)

n(*)

Xhg oy ny FE (X"F+ M, , = (X" F)grca

n(*)
= Man(*) + Rang(han(n),"(*)) + ‘pm(*)(Man(*)ﬂ)

so we get a contradiction to the choice of A, ,, n(x)-
Hence we have proved 2.7.

2.8. DErFINITION. (1) HDSA"}IZ(h,N) means: M, M,, N are bimodules, M; S M,,
h a (bimodule) homomorphism from N into M, and, for some bimodule X, M, =
M, ® (Rang h) ® K.
(2) IDS}72(h,N) is defined similarly but 4 is one to one.
(3) (Pr)2™[F] is the following apparent weakening of (Pr)2(*)[F] (speaking
on{M,:a < \)):

if IDS}P(h,Nuiy), a <B< N, BES
then for each I < w we have:

(xh)F € M, + (Rang h) + ¢,(M,).

2.9. Fact. () If IDS%f(h,,N ) and A, is a bimodule homomorphism from N
into M,, and h =: hy + hy, then IDS}72(h,N).

2) If M, € M, © M, are bimodules, M, a direct summand of M, IDS%f(h,N )
then IDS}2(h,N).

3) If (Pr)"™M[F], < B < A\, F maps M, into itself, a ¢ §, B & $ then
(Pr)3™[F].

@) If (Pr)"*)[F] then (Pr)2™([F].

Proor. Direct checking.
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2.10. CLaM. Suppose (M, :«a < \) and 8§ satisfy (A)-(F) of 2.6 (but not nec-
essarily (G)!) and F: M, — M, is an endomorphism of M, as an R-module and
(Pr)2™)[F] holds (see 2.8(3)) and « & §.

Then for some z € N, (on Ny, see 2.5(f)) we have:

(Pr)2’[F] if & is a homomorphism from N, ., to M,
then (xh)F — zh € M, + () ¢1(M)).

I<w

ProoF oF 2.10.

Step a. We shall prove: if IDSMB(}z Npu+y) for some 8 € (,A\)\S$ then thE
M, + h(N) + N, 0,/(M,).

Assume o < B & 8, My = M, ® N @ K (bimodules direct sum), # an isomor-
phism from N, onto N (i.e., IDS}#(k, N,(x)). Choose y > 8 such that F maps
M, into itself and v & 8, so Mj is a direct summand of M, hence M, = M, @
N @ K. Let Z be the projection from M, onto K’ with kernel M, ® N (as bi-
modules); we know that for each /

(Xh)F € M, + N + ¢/(M,).

Clearly for some v € M,,, u € N and w € ¢,(M,) we have xhF = v + u + w,
hence

XhFZ=vZ +uZ+wZ=0+0+wZ=wZ
50
XhFZ € (0(M))Z S o) (M,).
As this holds for each /

XhFZ € Ne/(M,) € N e:)(M,).
I /

So (xh)F = [(xh)F — ((xh)F)Z] + (XxhF)Z € (M, ® N) + Nic, 0:s(My) =M, +
(Rangh) + M, 01(M)).

Step b. Assume that for = 1,2, a <, & S, B; <\, My, = M, @ N} ® K;
(bimodule direct sum), 4; is an isomorphism from N, (., onto N7, z; € Ny, such
that [xhF — z.he € M, + Ny, 0:(My) | . Then (in N, .,):

zy=z;mod N 1(Npxy).

I<w
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We choose B & 8, 8> 8, 8> B,, 8 < A such that F maps Mj into Mg. Let N3
be isomorphic to N, such that Mp,, is the direct sum of Mz, N3 and some oth-
ers (just remember (F) of 2.6).

Let A3 be an isomorphism from N, (., onto N3 and z;3 € N,(«, be such that

xh3F — 23h3 € M, + (N ¢i(M,)

I<w

(exists by stage a).

It is enough to prove z; =z, and z; = 2, mod[ﬂ,«p,(N,,(*))] in N,(+); and by
symmetry it is enough to prove z; = z;. Clearly for some K, Mg, =M, ® N7 ®
N3 @ K. Let Nj = {vh; — vh3: v € N,(x)} and define hy: N,») = Mgy by

Uh4 = Uh] - Uh3.

Clearly Ny is a sub-bimodule of M,, k4 an isomorphism from N, ., onto N and
M, =M, ® N ® N; ® K. Now modulo M, + N, ¢/(M,):

(*) (Xh4)F= (Xhl ‘Xh3)F=Xh1F— Xh3FE Zlh] - Z3h3.

Now by step a:

(%) (xh4)F € Rang(hy) + (Ma +N SDI(M)\)>-
I<w
So
(*)2 Z1hy — z3h; € Rang by + (Ma +N <P1(M>\))-
i<w

By (), and the definitions of A,, for some v € N, 4,

(z1hy — z3h3) — (vhy — vh3) € M, + [ ¢1(M));
I<w
i.e., (z;— v)h; — (25— V)hs E M, + N, ¢1(M,). So for some y € M, we have
(21 = vYhy = (23 = V)h; — y €N, 01/ (M,).
But M,,; =M, ®N; ® Ny ® Kand Ny, 0/(My) N M4y = Nicw 01(M,y11),
so as (z; — V) — (23 — v)hy € NT @ N7, without loss of generality y = 0. Also
N e (M) N (NT ® N3) = e(Nf @ N3)

I<w I<w

=h{ < N ¢I(Nn(*))) + h3 ( N ‘Pl(Nn(*)));

I<w I<w
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we have

(z3 — ) — (21 —V)h3 € AT < N so/(Nn(*))) + h3 ( N ‘PI(Nn(*))>'

I<w I<w

Now in Ni @ Nj this implies for { = 1,3
(z; — v)h, € b (ﬂw(Nn(.)));
{

i.e., 2 — v € N ¢/(Ny(sy). Hence also (in N,(.)

21—23=(,—v)— (23— V) E n @1{(Np(sy)-

I<w

So z; = 23 € N, ¢/(Np(s)); i.e., we finish step b.

Step c. There is 2 € N, such that, if 4 is a homomorphism from N,, ., into
M,, then

XhF — zh € M, + Ne/(M,),
!
By stage b there is z € N, (4, which satisfies the above requirement when # is as
there. Suppose hq is a counterexample. Choose 8 & 8, 8 > «, F maps Mj into Mj

and Rang(hy) S M. Let A, be an isomorphism from N, (., onto some Ny such
that Mg, , = My ® N{ @ K for some K. So

xh F — zhy € M, + ) ¢/(M,).

I<w
Let Ny vy 22> M, be defined by
Uh2 = Uhl - Uho.

Easily A, is a bimodule homomorphism and, by the assumptions on N7, h; (direct
sum isomorphism), A, is an isomorphism from N, ., onto N5 =: Rang(h,), and

Mpg, =M5@N2‘ @ K.

So by step b, xh, F — zh, € M, + N, ¢,(M,). But

(Xho)F= (Xkl —sz}F=xk1F—x}32F€ Zk] - Z}lz + (Ma + n §D,,(M)\))

n<w

=zho + (Ma + N ‘Pn(M)\)>

n<w

as required, so we have proved z as required exists.
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Step d. z € Ny, (z from step c). (N}, is defined in (f) of 2.5.)

PROOF. 7 € ¢p(x)(Np(x)) is very easy.

Let h: N, = N{ © M, be an isomorphism (onto) such that, for some sub-
bimodule K, M,,; = M, ® N @ K [see 2.5(¢) for definition of N} .y, f}., and
condition (F) of 2.6]. So

are homomorphisms, so for ¢ = 1,2

(X PNVF = 2(f3 ey h) € My + N 01(M,)

I<w

and the conclusion follows.

2.11. DiscussioN. (a) Now (Pr1)2)[F] (from 2.10) is almost what is re-
quired, only the “error term” M, is too large.

(b) However, before we do this, we note that for the solution of the Kaplansky
test problem this improvement is immaterial: we just divide by a stronger ideal,
i.e., we allow one to divide by a submodule of bigger cardinality. We phrase our
conclusion more clearly before we proceed.

2.12. DerinrrioN. (1) For any 7 < w, z € N and bi-module M, we define
H} ="Hf,.

HZ?, is the function from the abelian group ¢, (M)/N;<., ¢/(M) to itself defined
by:

if A is a homomorphism from N, to M, then

(xh + an))HM =zh+ () ei(M).
{

I<w

() z is called r-nice if (z € NF and), when h: N, — M is a homomorphism,
m>n, M E ¢, (xh), then M F ¢, (zh).

2.13. Ctam. (1) For n,z,M as in 2.12, "H}, is really a single-valued function
and an endomorphism of the abelian group ¢, (M)/MN;<, ¢;(M), so the value de-
pends just on z 4+ N, ¢/(N,). Also if z;,2, € Ny, 21 — 22 & Nicw @1(N,) = for
some R-module M, "H} + "Hj} (e.g., M = N,).

(2) If M,, M, are R-modules, 4 : M; - M, a homomorphism, then:

@ (er(M))h S oi(M>). )
(i) For n < w, we define h: for x € ¢,(M) we let

(x+ N <P1(M1)>fl =:xh + () ei(M3),

I<w I<w
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h is a homomorphism from ¢, (M;)/N; ¢;(M;) into ¢, (M) /N ¢/( M)
(as abelian groups). We denote A by & ! ¢, (M,)/Nico 01(M)).
(iii) If n < w, z € N)¥, M, and M, are bi-modules, then

"Hig oh=he"Hf,.

(3) If n < m, z € N is n-nice, then for some y € N}; for every bi-module M:

"Hy = "Hjs ! <¢m(M) Iﬂ <P1(M)>-
<w

(4) Suppose:
(i ¥(x,y)is ap.e. formula in the language of bi-modules, logic— £, .
(i) e.(x)— (3I)¥(x,»), i.e., this holds for every x in every bimodules.
(i) ¥(x,») > ¢a(x) & @,(y) (i-e., as in (D).
iv) ¥ (1) & ¥(x,31) = @iy — »2) for I < w (i.e., as in (i})).

Then for some 7z € N:
(*)3,, for every bimodule M:

{<X+ (I\sa/(M),y + ry,(M)) :MF ¢[x,y]}
= {<x +Nei(M),y + rIM(M)> : (x + sz(M))Hﬁ =y+ Qso/(M)
{

(sox,y € <pn(M))] .

(5) For every z € N,/ for some ¥/(x, y), (i), (i), (iii), (iv) and (*)} , holds. (In
fact, the formula is first order conjunctive positive existential.)

(6) For every n < w and z,,z, € N for some z; € NY': for every M, "Hf} =
"HE o "Hf?: and z, = z; # 2, is in NI and satisfies, for every R-module M,
"HE ="HY o ~"H.

(7) If z € N and "H},_is one to one and onto (i.e., from ¢,(N,)/N; ¢/(N,)
onto itself) then for some 77 € NY for every R-module M, "H} is the inverse
of "HE,.

(8) In (4), (5), (6), (7) we can start with S = T'= Cent R so ¢ is the language of
R-modules, and the parallel result holds.

Proor. Left to the reader. [For (6) and for (7) use (5) and then (4).]

2.14. DErFINITION. For an R-module M let:
(1) End(M) = ring of endomorphisms of M.
End?"(M) = {[h | ¢,(M)] /N, 0:(M): h € End(M)).
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End%{(M) = {[h | 0,(M)] /Ny, ¢1/(M) € End?"(M): for some A S M,
[Al <N
and Rang h S {x + ;¢ (M) : x € ¢,(AIn)}].
End{.3,(M) is the direct limit of (End{.} (M) :n < w) with the natural
mappings ®7%,[M] from End;";’;\)(M ) to End{;')'\’)(M ).

(2) BX(M) is ¢,(M)/N; ¢(M) expanded by the finitary relations definable by
p.e. formulas (say in £ = £1r1+1514%0y+ ) in g M (s0 actually even if we
use this for a bimodule M, it counts only as an R-module).

(3) *Bj(M) is defined similarly, but p.e. is replaced by: preserved by direct
sumis.

2.15. Fact. (1) In 2.14(1) all are rings into which (if M is a bimodule) S is
mapped naturallyt; EndZy is a two-sided ideal of End%;, if N < u, End%yj+(M) =
End**(M).

(2) If M|, M, are R-modules, # a homomorphism from M, to M, as R-module,
then A induces a homomorphism from BZ(M,) into B;(M,) naturally.

(3) For a bimodule M,z € N, the function "Hf, is definable by a p.e. formula
(this is 2.13(5)). If in N,)) z € Zi<k,,,”_l Ry;, the p.e. formula is in the language of
R-modules.

The rings dE"(dE) defined below are derived from the ring of R-endomor-
phisms of bimodules which we have not discarded. Note 2.13.

2.16. DEFINITION. (1) Let DE” be the following ring; its elements are the (for-
mal) operators "H?* for z € N
(@ "H* ="H=iff z; — 2, €, ¢;(Ny).
(b) REFZ 4 NEJR2 = REf Tt
(c) "H* o "H* = "H%_ if for each bimodule this holds (z; exists, by
2.13(6); unique (mod MN; ¢,(N,)), by 2.13(1)).
(d) The zero is "H°, the one is "H* (DE" is a ring—as it is embedded into
the endomorphism ring of the ¢,(N,)/MN;¢/(N,) as an abelian group).
(2) De" = {"H* € DE":z € %,; Ry;} is a subring of DE".
(3) dE" = [”H e DE™:"H} is an endomorphism of BJ(M) for every bi-
module M}.
dET = {"H?:z € N, and z is n-nice}.
(@) de" =: De" N dE", def < De” N dE.
(5) de"(R) is de™ when we choose S = T = Cent(R); similarly for the others.

tFor each s € S, M a bimodule, s defines an endomorphism of M as an R-module: x — xs; now ap-
ply 2.13(4). Is it an embedding? Not necessarily, e.g. if ¢,(x) is “x divisible by z"”, if s = 2"s, € S for
each n, then s is mapped to zero.
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2.17. CLam. (1) DE" is a ring, De”",dE" subrings, dE{ is a subring of DE”"
extending dE” (all have the unit 1 = "H* and zero "H°, and extending 7).

(2) De”,dE" commute, hence de” is commutative.

(3) There is a natural homomorphism from dE”" to dE"*! (n < w), the direct
limit is denoted by dE. Similarly for dE{,dE,. Also S is naturally mapped into
dE" which is naturally embedded (i.e., by the identity map) into dET; the diagram
commutes. Similarly de” is naturally embedded into dey'.

@) ¢,(M)/N,; ¢,(M) is naturally a module over DE™ and it is naturally a
(De",dE")-bimodule (with de” playing the role of T).

The following lemma says that, e.g., in the module we constructed in 2.7 (see
2.10) we have some control over End(M,); note that it only says it is not too
large, but we have the freedom to choose the ring S in order to make End(M,)
have some elements with desirable properties.

2.18. LEMMA. Suppose {M,:a < \) satisfies (A)-(F) of 2.6, M = M, and

(*) for every endomorphism F: M, —» M, for some n < w, 2 E N, a € \\$ we
have (Pr1)} .[F].

Then:

@) If (Pr1); .[F] then "H}, is an endomorphism of B;(M). So as each N, is
isomorphic to a direct summand of Mgz complimentary to M, for a < §8 in
N\S, z is n-nice; i.e. "H* € dE{. Also as, e.g., “every ¢(X), a p.e. formula
in £ which has a model, has a model which is a direct summand of M”,
clearly necessarily "H* € dE".

(ii) If (Pr1), .[F) and F is an automorphism of M then "H}, is an automor-
phism of B3(M) and even of *B}(M) [we can use 2.13(7)].

(iii) End®(M,)/End%¥(M,) can be embedded into the ring dE (see 2.15,
2.16(3)); moreover for every subring € of End®“(M,)/End%(M,) of
power <\, for some club C of N\, if o € C\S8 is large enough, then § is em-
bedded into End®*(M,/M,)

(iv) Moreover, End®® (M,) = U, <o En E, S Epi1,

E,={®"“(F!¢,/N¢):F€End(M), and there are z,,(F) € NV,

a,(F) < \such that (Pt1)} (g, . 5 (F)},
let n(F)y =Min{n-FE E,};
2,(F) is unique modulo (") ¢;(N,).

I<w

(V) E,isasubring of End®“(M) and the mapping F — "H*") js a homomor-
phism from
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IFT(P,, n¢[:Fe End(M) and (Prl)gn(p),zn(l;‘)
{

Sfor some a,(F) <\, z,(F) € N,‘,‘}

into dE" with kernel End%{(M); i.e. {F € End®"(M) : 2,(F) € N, ¢/(N,)}.

(vi) The ring S is naturally mapped into Endg (M,), for each a < w, there is a
natural homomorphism from Endg(M,) to End®*(M,) which, for a < w,
has a natural mapping to dE. (So S is naturally mapped into dE.)

§3. Reducing the error term

3.1. Revisep ConTexT. (1) Let g,:N, = N, be the homomorphism with
xtmg = xr+1) plg = ™Y for i < ki Let g m = 8n8nr1” " - Bme1 fOI N <
m< w.

(2) Let X be a family of bimodules, each of power < A, and X has < A mem-
bers, and N,, N, € X for each n < w. We call X trivial if X = {N,,N,:n < w}.
Let cli,(K) be the class of bimodules isomorphic to some K € X. Let cl(X) =
cly (X) be the class of bimodules isomorphic to a direct sum of bimodules from
clis (X) (so clig(cl(X)) = cl(X)). A X-bimodule means a bimodule from cl(X).
We say M, is a X-direct summand of M, if M, = M, @ K, K € cl(X).

(3) We now redo §2. A bimodule of cardinality <\ is usually replaced by a
cl(X)-bimodule. In particular, in 2.6:

In (A), M, € cI(X) for a < A.

In (C), M, is a cl(JX)-direct summand of M;.

In (F), the other bimodules are from X, and “each bimodule” is replaced by
“each bimodule from X” (so we have < A assignments).

In Definition 2.8(1), K € cl(X).

In 2.9Q2), M, is a cl(X)-direct summand of M,.

In the proof of 2.10: check no harm is done.

In 2.16(3), “for every X-bimodule”.

In 2.18(), "H? € dE" remains; "H? € dE" = we use the new definition of dE”.

3.2. CLam. For any unbounded U S w, letting i(n) = iy (n) = the nth mem-
ber of U, there are bimodules Py, Py, , and A, : Nj(,, — Py, embeddings for n < w
and x € Pq such that:

(a) Rangh,; N %,,., Rangh, = {0].

(b) For each n < » we have: Py = (X, Rang#) @ K,,, K, is a direct sum of

copies of N,,’s (and really of N,/ = n); let Py , =: 3, Rangh;".
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(¢) 2.<, Rangh, is not a direct summand of Py, ; moreover, there are x € Py,
x & Y.c.,Rangh; + N,e,(Py) and f:N;o — Py a homomorphism,
x O£ = x such that, for each n for some

X, =: 2, (xUMNnf € 3, Rangh/,

I<n I<n

X =X € @im(Py) and (xUON)f=x,

Py = <U Rang h,; U Rangf>.

(d) Py is the direct sum of copies of the N,’s.

ProOF. Let Py be @,  Rang f7, fu : Niny = Py an embedding, i(n) the nth
member of U (i.e., Py is the direct sum of the N,’s for n € U so (d) holds). We
define A, : N;,y = M by induction on n (on g, ,+1, see 3.1(1)):

thy =:tfn — t8imy,itne1y S nt1-

Clearly h; is a homomorphism. As Py = Rang f; ® (@,,,Rang f}'), clearly A,
is an embedding.

Now we shall show that for each n, Py is @, , Ranghy @ @,,,Rang f/.
Why? Because for each n,
Rang f; @ Rang f7,, = Rang h; @ Rang f5,,

(so 3.2(b) holds as well as 3.2(a)). Next we shall show that x =: (xU©1) f7 is as
required in (c) (this implies the first clause of (c)):

X = (xUON) f& = (xUON) pg 4 xUOIg, 0 £
= (xUONpr 4 (x1O1) 7
= (xUON) gy + (xHON)RE 4 (x1@) f3

= Z (X[i(l)])hl* + (x[i(n)] )f;

I<n

The first term is in @, _ Rang A/ and the second is in ;) (P ).

3.3. DEFINITION.  Suppose A = cf A > |R| + | S| + Ry (> and not =, just for
simplicity), 8§ € {8 < \:cf 6 = 8,] stationary and non-reflecting, {6 <A :cfd =Ry,
& ¢ 8} stationary.

We say (M, :a < \) is very nicely constructed for $ and X (or for (8,X)) if:

(A)-(F) of 2.6; only in (C) is M,, a cl(X)-direct summand of M; and in (F) the
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direct summands are from cl; ¥, and for each M € X, for stationarily many « €
A\S8, M appears as one of those direct summands; (G) for 6 € 8§, M, is defined
either as in (F) or as in (*%*) of (H) below:

(H) if (*)A < \\S8 is unbounded, for « € A and n € U we have o < 8,(a) €
A\S, IDSﬁﬁn“" (hg,nsN,) (see Definition 2.8) and U € w is infinite,
then (**) for some § € 8, we have (o, :n < w) such that:

() o, €A, Bu(ay) <angr, 6 = Unco @yt

(ii) M;,, is defined as in the proof of 2.6, i.e., Mj, is P; + M;, N§ =
2inet A, n(N,), where (using 3.2’s notation) Pj is 1s0morph1c to
P4, by an isomorphism #; such that the diagram (n = i(m) = mth
member of U)

htx,,,n

hen(Ny)

h,:,l lid

Py > Py

commutes and P; , = (Py, ,)h.
So in M5+1, P5 ﬂM,; =N5*

Now 3.4, 3.5 below tell us we do not lose in comparison with §2 (and 2.13-2.18
apply), only the error term is smaller; for, e.g., countable R, S it disappears (see 3.6).

3.4. LEmma. (1) If (M, : o < \) is very nicely constructed for § and X then
Jfor every R-endomorphism F of M,, for some n(*) < w, a(*) € N\8, we have
(Pr)aLF] (see 2.8(3)).

(2) In (1) in addition: for some z € N¥.,, (Pr1)3(}) .[F] (see 2.10).

(3) In (1) in addition: for some L* = (L} :n = n(*)), a decreasing sequence of
abelian subgroups of ¢,x)(My), L, S ¢,(M)) (depending on F, of course), we
have:

(i) forevery n=n(*) and (bi-)homomorphism h: N, —» M,, we have (xh)F —

2.h € Ly, + N 01(M,) where 2, = 28, (x),n» and Ly S ¢, (M,);
(i) L* is compact for (g,n(*)) in My; i.e., if v, € L] for | = n(*) (but I < w)
then for some v* € L} .,:
Jor every n = n(*) v*— D) U E gup(My).
I=n{*)

@) In (3) in addition we can have: L* is (X, @)-finitary in My; which means
for some m = n(%), L%, is (X,@)-finitary in M\, which means L;, € 2);<, K; +
Ni<., 21(M,), each K; isomorphic to a member of X, and 2.,<, K; a X-direct sum-
mand of M, for o large enough € \\S.
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(5) If, for N € X, there is no non-trivial L (which means N\, L, € N, ¢;(N))
compact for (g,n(*)) in N, then we can use L* =0, i.e., A\, L} = {0}1 [occurs
Sfor countable R, S and usually}.

(6) In (2) we can add the parallel of 2.18, replacing End?{(M) by

End%(M) = {h € End®": the range of h is compact for (p,n) in M,};
similarly End&y.
Proor. (1) Same proof as for 2.7 (using 3.2, of course).

(2) By 2.10’s proof (the change in the definition of IDS causes no problem).
(3) Using n(*),a(*),z of (2) we let, for every n = n(*) (but < w),

Ly =: |{XhF — zg,(sy.nh : h is a bimodule homomorphism from N, into M,}.

Let 2, = 28,(+).; € N; when n(*) < [/ < w. By (Pr1)"{*) _[F] we know that

a(*),z

Ly S My + Nei(My)
/

and easily L; 4, is an additive subgroup of ¢, x) (My).

Clearly (i) holds (by definition of L}), and let us prove (ii). Suppose v} € L}
for n(*) =/ < w, so for some A;: N, > M, a bimodule homomorphism, v;* =
(xh))F — z;h; and let o(0) < \ be such that «(0) & 8, F"(My@)) € My,
Rang h; € M, o) and a(0) > a(*).

Now note:

(*) foreach n € (n(*),w) and 8 € A\8 for some v,8 < v € A\S§, some K and

some embedding Az ,: N, — M, we have:

M, =M ® Ranghs , ® K, Kec(X), F'(M,)CM,
and x'"h, ,F € (Rangh, ,) ® K.
SO by ChOiCC Of Ol(*), x["]h%"F_ znhv,n € ﬂ]<w¢’1(M)\)~

[PROOF OF (¥). For every v,y > 8, ¥ € N\8\a(0), let &, : N, > M, and K?
be such that: 4, is an embedding and M, =M, ® Rangh, @ Kf,’; let €, > v be
in AN\ S8 such that F maps M67 into M ; and let, for e(1) < e(2) <\, e(1) & 8,

M2y = M.y ® K1y, e 215

so M, =M, ® Rangh, ® K] ® K,,,,., and let x" b F = v, + u, + w, where
v, € M,, u, € Rangh, and w, € K? @ K., +1,e,- By Fodor’s lemma for some v

1We may have to increase n(*).
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for a stationary set of v € A\S\B\a(0), v, = v; choose y(1),y(2) such that:
€y1y < 7v(2), and y(1),v(2) are in this set. Let ¥ = €,(3), Ag,n = By2) — hy1»

— 4]
K=Kz \1) ®Kyay @ Kyy+1,6,0) @ Keyhyv )
0
@ Ky @ Rangh, 1y @ K, 2)+1,6,00-

Now the v, A5 ,, K we have just defined are as required.]

Let A={B:a(0)<BE&S,B <\, F"(Mg) € Mg}. We know that foreach € 4
for some v > 8 and embedding hg ,: N, - M, , (*) above holds. Let h;; =
hg;+ hfore A, leU = {l:n(*) =l <w}. By 2.9(1), IDS%ge(hé,,,M,JC) for
BEA, n(*)<!<w Now apply 3.3(H) and get 6 € § (and h;: Py, — P;, etc.) as
there; let v < A be such that F" (M) S M,, v > 6. Clearly M, =M, 0, ® P, ® K
for some bimodule K € cl(X) and (& —from 3.2) by chasing the arrows:

(%) xWhthsF=x"h, F and zhths=zh

(’X[,l
and (by the choice of A5, and by the choice of A ;):
(***) X[I]h(;th'— Z/h;h[ (S (x[”ha,,,F - Zlha,,/) + (x[l]h[F - Z[h[)

= (xhy, (F = 2/hy, ) + 0f €07 + N 0i(M)).
i<\
Remember x = x["™)} f e Py, (notation of 3.2’s proof, so for i(/) there we use
n(x)+1).
Let 2’ = zf € Py (remember z; = 2g,(xy,; (for / € [n(*),w))) so noting z is
n(*)-nice and the construction of Py for any m € [n(*),w) we have:

m—1

x— 2 xVn} € ou(Py),
I=n(*)

m—1

z - E Zlhl*e‘/’m(P‘U.)-

I=n(*)
Hence

m—1
xhs — 3, xUhi'hy € om(Ps) S om(My),
I=n(*)

m—1

Zhs— > 2ihihs € om(Ps) € om(M,).
I=n(¥)

As Fis an R-endomorphism

m—1

xhsF— 3, xUYhihsF € o, (M),

I=n(*)
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SO

m—1
(xhsF — 2'hs) — 35 (xVVA[heF — 2,k hs) € 0(M,).
I=n(*)
Using a projection Z which is the identity on M, and zero on K @ P;, by (*%*)
we have (x'Vi}hyF — z,h} hs)Z = v}, so

m-1

(XhsF = 2h)Z — Y} 0f € pn(M)).

I=n(#)

Hence (xhsF — z’hs) Z is as required.

(4) By (2) above we can have L, ,) € M, ) for some «(*) < A (without loss of
generality &€ $). Now M, € cl(X) and use 3.4A below.

(5) By 3.4B below (and part (4) of 3.4).

(6) Easy, too.

3.4A. SusracT. If K = @;¢; K; (for R-modules), L, € ¢,(K) (additive sub-
group), L = (L,:n(*) < n < w) is decreasing and compact for (,n(*)) in K,
then for some finite J € I and m < w:

LnS @K+ N eiK).

ieJ I<w

Proor oF 3.4A. If not, choose by induction on / = n(*), v;,J;, n, such that:
J; is a finite subset of I,J, € J,,,,

v,GL,,,\(@K,+ﬂ<p,(K)) and v, E @ K,;

ieJ; { I€J141
as in the proof of 2.10 it follows that for some n;,,,

v & @ Ki+ o, (K).

ieJ;

Then find v* € K as in 3.4(3)(ii); so for some finite J S I, v* € @,c; K;, and an
easy contradiction.

3.4B. Susract. If L is compact for (,n(*)) in K (R-modules), h: K- K’ is
a homomorphism (as R-modules) and

[xh € oK' Neri(K') = (I EK) [xy = yh A Y € 0i{K) \ @141 (K)]],

then h" (L) = (h"(L,) : n) is compact for (,n(*)) in K",
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3.4C. REMARK. (1) We can weaken the assumption to: for some H:w — w di-
verging to infinity

[z n(*) & xh € p(K)\¢111(K) = (3y €K)
[Xh =y&yE€Eop(K) &Y €& ¢H(1)(K)]-
(2) If h is a projection the above condition holds.
Proor oF 3.4B. Straightforward.

3.4D. Susract. If L € K, K = @7 K’ and the projection of L to each K’
is (X, )-finitary, then so is L in K.

3.5.Cram. If A=cfA> |R| +|S|, S <S {6 < A:cfd + Ry} does not reflect,
Qs then there is (M, : a < \) very nicely constructed.

Proor. Like 2.6.

3.6. Ctam. If R,S and every N € X has cardinality < 2%, then
(*) for every X-bimodule M and L, S M (forn < w), if (L, :ny = n< w)is
(@, w)-compact in M, then for some m, L,, S N, ¢:(M).

3.7. Remark. If (*) of 3.6 holds, then in 3.4(3) we can choose L, = 0; so
the “error term” disappears, i.e., for every endomorphism F of M, as an R-mod-
ule, for some m, F ! ¢,,/Ni<., ¢/ is equal to "Hfy, .

3.8. Remark. If R, S has cardinality < 2%0, we have interesting such X’s, e.g.,
X the family of finitely generated, finitely presented bimodules.

PROOF OF 3.6, 3.7. Easy.

§4. The first Kaplansky test problem
For this section we make:

4.1. HypotHEesis. (1) R is a ring, each ¢, a p.e. formula for R-modules (see
2.4) and, for some R-module M*,

(o (M) :n < w) is strictly decreasing,
(2) A asin 2.5 for some 8.

4.1A. REMAarRk. We could use the ZFC version of our theorem from [Sh421},
only.
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4.2. ConcLusiON. LetA,8and R, T, Sand ¢ be as in 2.6, 2.2 and 2.3, respec-
tively. There is a bi-module M,

IM| =X= |e,(M)/ N e(M)] (for each n)
I<w

which has few direct decompositions in the following sense:
(i) If M = @,csM,, then for all but finitely many i € J,

V [w(Mi) =N wz(M.-)]-

n I<w

(i) Assume |R| + |S| <2%; if M=K, ® L, for a < (|R| + |S| + Ro)* then
for some o < B and n

on(K,) + Ne(M) = 0,(Kp) + N (M),
1 i
(i) End®“(M)/End{%)+ s)+x,)*+ (M) has cardinality < |R| + | S| + Ro.

Proor. (i) By 3.5, there is (M;:i < \) which is very nicely constructed. Let
M = M, as an R-module. Assume M = ®,c; M, is a counterexample. By
regrouping without loss of generality J = w, and ¢,,(M,,) # (<, ¢:1(M,). Let F be
the R-endomorphism of M defined by: F I M; is zero for i even, and the identity
on M, for i odd. Apply 3.4; by 3.4(2) for some z (Pr1);0:} .[F]. By 3.4(3) we
get L* = (L,:n(*) < n < w) a decreasing sequence of abelian subgroups of
Gnesy (M), L% S ¢,(M), L* is (g, n(*))-compact. By 3.4A for some k <  and
m< w:

(@) foreveryn=k, L, S ZicaM; + Nicy 01(M),

(b) if n = n(*), h:N, > M then xhF — z,h € L}, + (), 0;(M) where z, =

28n(x),n (ON g—see 2.5).
Now choose n large enough and compare what we get for M,, and M, ,, to get
a contradiction.
(ii) Remember 3.6.
(iii) Should be easy.

4.2A. REMArRk. (1) For any 7,S as in 2.1, we get the same conclusion (M a bi-
module) if we replace |R| by |R| + |S].

(2) If we omit “|R| + | S| < 2%0”, we get by the same proof weaker conclu-
sions: with an “error term” which is included in a finitely generated bimodule.
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4.3. ConcLusioN. (1) There are R-modules M, M;, M, of power \ such that
MOM=M®M, M, #M,.
(2) Moreover, M, =, _, M, (note | M,| = | M| = \).

4.3A. REMARK. (1) Note conclusion (1) is trivial if we omit the “of power \”—
take M, M,, M, free R-modules | M| > | M,| > | M;] = |R| + Ro. So the “more-
over” in (2) makes it more interesting.

(2) We can ask more of M in 4.3 (and similarly for the other conclusion). It is
obtained as in 4.2 for suitable S.

PRroOOF. (1) A Stage: Let T be the subring of R which 1 (the unit) generates.
Let S be the ring freely generated by TU (X, W;, Y, W,} except

XX =X,
YY=yY,
XWW, = X,
Yw,w, =%,
XWY=XW, (1-X)(1-Y)=1-X, YX=Y,
YW, X = YW,

(to understand these equations see the definition of M“ as a bimodule below).

B Stage: I;et M* be an R-module such that (¢, (M?*):n < w) is strictly decreas-
ing; let M* 2 M} (R-module), M? = @, , M}, p = «*%, k= (|R] + | S| + Rp).
We expand M“ to a bimodule by (for x € M*)

Xh,’, iz K,
(xh))X = )
0, i<k;

Xh,’, iz K+,
(xh)Y = ,
0, i<kt
W, xh; if forsome o, i=«k+ a,j=«* + a,
xh; =
. 0 otherwise;
o)W xh; if forsome o, i=«t+a,j=«k+ 0,
Xn; = .
2 0 otherwise.
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So assumption 2.3 holds. Let, e.g., X be from 3.7; hence 3.5 applies and we get
a bimodule, A = M,. Let 3 be A as an R-module.

C Stage: So every member of S is an endomorphism of 3. As XX = X we
have U = fM! @ gM; where (M = (RU)X, s M, = RA)(1 — X). Similarly
RY = RM? @ g M, where kM? = (x0)Y, g M, = (RA)(1 — Y).

Now W;, W, provide isomorphisms from M onto M?, so let kM =: fM' =
rRM2.

It suffices to show g M, % g M,.

D Stage: Suppose g M, = pM,; then there are endomorphisms Z,, Z, of g%, Z,
mapping g M, onto g M,, and xkM ! onto gM? and Z,Z, = Z,Z, = 1. It is easy to
check that:

XZ] =XZIY, YZZ'—“ YZ2X,
1-X2,=(1-X)Z,(1-7Y), (A-Y)Z,=(-7Y)Z, (1 - X).

So by 3.4 there are n(*) < w, 2;,22 € Ny, such that the equations above
hold in the endomorphism ring of the abelian group ¢, «, (M) /N ¢,(M) for any
bimodule M when we replace Z;, Z, by "™ HE},"™ HF respectively (and interpret
X, Y € S naturally). This holds in particular for the bimodule M? we have de-
fined in stage B. But by the equations above we get a one-to-one mapping from
%(*)(ZKH Mi*)/ni W(Zi«* M:’*) onto ¢, (x) (Zs« Mi*)/n{ <P/(Zi<x Mi*)’ an
easy contradiction (as they have different cardinalities).

(2) We assume the reader knows about L., , and proof of =, , by a hence and
forth argument. In the construction we just use X such that, for each o < A, the
following bimodule belongs to X: as an R-module it is M, x M,, with
X, Y, W, W, interpreted as the identity. (So we construct in 3.5 and extend X
together.)

Note that X = Y = W, = W, = 1 satisfies all the equations; once we note this
the checking does not use anything specific on R, 7, S.

We may use more specific properties and then use a fixed X; choose it as fol-
lows: X, is the set of N,,, N, (n < w); X is the set of N € K, and, for each N € K,
the bimodule N* is in X where N* is N as an R-module, but multiplication
(from the right) by X, Y, W;, W, is zero. So | X| < A (in fact it is countable). Let
A = U, 4, be the representation of ¥ (i.e., in 3.5, we get {4, :a < \)).

4.4. CLam. Suppose S, as a T-module, is free, say {s5: 8 < a} is a free basis.
(1) Let N, be the R-submodule of N, which {x,y;:i <k, _;} generates. Then
N,, as an R-module, is the direct sum 5., N, 3, N, = N, s (as R-modules); for
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Y € N, o we have yhg = ysg and N, o is the R-module generated freely by {y;:i <
k.,—1} except for the equations, and A is the identity.

(2) Hence ¢,(N,)/N; ¢:(N,) (as an additive group and even as a T-module) is
the direct sum Xg<o €4 (Ny,6)/Ni @1( Ny, ).

(3) If z € Ny, then z = X, z:h;, 2, € Noop N NY N ¢,(N,o), i€, 2 €
2ica 0n(Ny i) AN, 50 2= 3, 2;5; and "H? = 3, ("H%)s;; z is n-nice iff each z;
is n-nice.

(4) de", S (as subrings of dE"—see 2.15, 2.16) generate dE"; moreover, they
commute. Each member of dE” has the form 2; x;s; (x; € de”) and dE" =
de” @S and de” is commutative.

(5) Let I, be a maximal ideal of de” (to which 1 does not belong); D, = de"/I,,,
T"=TI,NT, 8 =8/1,NT. So D,is a field (so commutative).

Any set of equations on S which has a solution in End (M) for M as in 4.2 has
a solution in D, X1 S

Proor. Straightforward.

4.5. CONCLUSION. Suppose:

(a) R is a ring satisfying (2) of Theorem 1.A, T the subring 1 generates (so
T = Z/pZ, where p is the characteristic of R which is not necessarily
prime).

(b) Sis aring, (S,+) is a free T module (so T is a subring of S).

(c) Ais asin 4.2.

Then we can find an R-module M of power A\, and a homomorphism H of § into
End (M) such that:

(d) Ker H = {0}.

(e} If I'is a set of equations with parameters in S, H(I') is solvable in End (M),
then for some field D [p > 0 = D of characteristic a prime dividing p],
[ p = 0= D of characteristic zero, or prime], we have I is solvable in D &) S.

(f) For s € S\ {0}, M(H(s)), the image of M under H(s) has cardinality A.

Proor. Left to the reader.

4.6. ConcLusioN. If S is a ring extending Z, (S,+) free, the assumption 2.3
holds and I' is a set of equations over S not solvable in D ®zp (S/pS) when D is
a field of characteristic dividing that of R, Z, = Z/pZ if p > 0 and Z if p = 0;
then for M as in 4.2, T' is not solvable in End(M) (with S embedded there
naturally).

Proor. Left to the reader.
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4.6A. ReMarK. In 4.5, 4.6, if (S,+) is Ry-free (or Ry-free T-modules) the con-
clusions are similar.

4.7. CLamm. There are R-modules, M|, M; (as in 4.2}, such that:
M, M, not isomorphic,
M, is isomorphic to a direct summand of M,,
M, is isomorphic to a direct summand of M,.

Proor. A Stage: Let T be the subring of R which 1 generates. Let S be the ring
(with 1, associative but not necessarily commutative) extending T generated by
X, X_,W,W_1,Z,,Z_, freely except for the equations (to understand them, see
below in stage B).

(*); 7 =0if 7is a term,} M7 = 0 for M}, as defined below in stage B for

every field D.
We shall prove S is a free T-module.

Let M be as in 4.2 for T,R,S (and A,8). Let M, = MX,, M_, = MX_;; so
M,,M_, are R-modules as in 4.2, also M =M, ® M_, (as X? = X, X2, = X_4,
X+ X_ =1 X, X_, =X_,X;=0in S). We shall show that M,,M_, are as re-
quired in 4.7 (on M, M,).

AlsoZ}=2,,Z, X, =2, =X, Z,soM,=M,(1 - Z)) ®M,Z,; i.e., M\Z, is
a direct summand of M. On the other hand M_;, = M, Z, as W; maps M_, into
M, Z, (since X_W,=X_,W,Z,) and W_, maps M, Z, into M_, (since X; Z,W_, =
W_,X_,), and the two maps are inverses of each other because X_ W\ W_, = X_,
and X, Z\W_W,=2,=X,2Z,.

Similarly M_, =M_,(1 - Z_)) ®M_,Z_,, so M_,Z_, is a direct summand of
M_, and M_,Z_, is isomorphic to M,. Hence

Mi=M0-2Z)®M_,, M_=M_(1-2Z2_,) ®M,.

We are left with M, # M_,; if they are isomorphic, then as M = M, @ M_, (for
every n large enough) in dE” there is a solution to the set of equations (in the un-
known Y):
(*): X, YX_ | =X,Y,
X_YX, = X_,Y,
YYy=1
We shall get a contradiction by 4.5.

tl.e., in the language of rings, in the variables X,,X_,, W,,W_,,Z,,Z_,.
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B Stage: Let A; [A_,] be the set of even [odd] integers, F the following

function:
i+1, i=0,
F(i) =

i—-1, i<0.

So F maps A4, into A_; and A_, into 4,, A\Rang(F I A_;) = {0}, A_,\
Rang(F f 4;) = {—1}. Let D be a ring and T be the subring 1 generates. Let i
vary on the integers. Let S, be the ring generated freely by {X,,X_;, W;, W_,,
Z\,Z_,}.

We define a right (D @ Sp)-module M}, as a D-module M = 3 Dx;, with
(Za;x;)b = X, (a;b)x; for a;,b € D. To define multiplication (x € M, ¢ €
D @7 Sy) (as D, S, commute in D @7 S,) it is enough to define it for x = x;,
s one of the generators of S; so let

X, 1€ Ay, 0, i€ A,
x,'X] = . x,'X_l =
0, i€A_y; Xis i€A_y;

XF=1(i)» I € Rang(F),

XiWi = Xr@iys xW_, =
0, i & Rang(F);

Xis i€ A,NRangF, X;s i€ A_;NRangkF,
x,Z, = xZ_, =

0, otherwise; 0, otherwise.

Of course, it is naturally a (D @7 S)-module (see definition of S).

C Stage: There is no problem to check that in M7, the equations from (*),
hold, so it is enough to prove that:

(a) in D @ S there is no solution to (¥), (i.e., no such Y) (making S have the

same characteristic as D),

(b) Sis a free T-module.

Clearly S is a T-module, generated by the set of monomials in {X,,X_,, W},
W_i,Z,,Z_,}.

Our aim now is to show S is a free T-module and find a free basis.

Now for/ € {1,-1}, k€ Z, n =0, n = —k, we define an endomorphism ‘ch,,, =
pFh,of M}:

Xpk(iy if F~7(i) is well defined, x; € A,
xi(FII(,n =

0 otherwise
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(it is easy to see that it is an endomorphism of M) and a monomial Y,ﬁ,,, (note:
for every monomial 7 we let 7°, the zeroth power, be 1 = idpz) and remember
n=—-k,son+k=0:

Yin=X((W_)" W™ .

The reader can check that Y/ , as an endomorphism of M} is equal to F ,.
We next want to prove that {Y} ,:n,k € 2,n = 0,n = —k,l € {1,—1}} gener-
ates S as a T-module; this is done in the next stage.

D Stage: The set {Y{ ,:n,k € Z,n = —k and | € {1,—1}} generates S as a
T-module. _

It is enough to show that for every monomial 7, some equation 7 = Xa, ,Y£ ,
holds in S (where {(/,n,k) : a} , # 0} is finite, af , € T); i.e., it holds in the ring
of endomorphism of MJ,. We prove this by induction on the length of the
monomial.

If the length is zero, 7is 1; now 1 = X; + X_; (check in M*) and X, = Yé,o.
Hence 1 = Y}, + Y as required.

If the length is > 0, by the induction hypothesis it is enough to prove:

) fre (X, X, W, W_,Z,,Z_,}

then Y3 ncs) 7 is equal to some X4 pap . Yi -
(Note: it is enough to check equality on the generators of M* —the x;’s.)

Let us check:

Case 1. Y n(s) X; is: zero if (%) = = k(%) odd],
Y If LI(*) =1 k(%) evenl.

Case 2. Yllc((?),n(*)VVlis: Yllc((:))ﬂ,n(*) ifl=1,
Yllc((:))—l,n(*) I.flz—ls k(*)+”(*)>0,
Y hnoyer fI=—1k(*)+n(*)=0.

Case 3. Yi(} noZiis: YiS) ny I n(*) + k(*) >0 and
[I(*) = = k(*) odd],

Yi ner i n(*) + k(%) =0and
[/(*) == k(*) odd],
zero if [1(*) =1 k(%) even].

E Stage: {Y| ,: (l,k,n) € O} generate S freely as a T-module where

O ={(Lkn):le(l,-1},k€Z,n=0,k +n=0}.
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Suppose 0 = 3{af .Y} ,: (I, k,n) € O} as an endomorphism of (Mp,+), where
we even allow a; , € D. We shall prove that a,ﬁ,,, = 0 for every (/,k,n) € 6.
Ifie A, i=0then

0= X; [ Z af,(,n Yail',n:!

(L,k,n)EO

= z allt,n(xiYI’c,n)
(Lk,n)e©

= Y@ o Xisi: ! = 1,(L,k,n) € O and n < i}

=3 (Dlak,: (Lkn)€Bizni+ k=j})x;

j=0

=2 (tali iz (1) —i,n) € B))x;.

j=0
Hence foreveryi€ A;,i=z0and j= 0
(%)% 0=>{a",;n=0n<iandn+ (j—1i)=0}.

Similarly, fori€ A_,, i = 0 (equivalently, i>0asi€ A_;=>i+#0)and j= 0 we
can prove:

(%), 0=> a7, ,:n=0,n<iandn+ (j—i)=0].
»J J—1

Similarly, forie A,,i<0

0= Xi [ 2 ailc,nyif’,rs]

(L,k,n)eB

_ / /
= > @G (5YL,)
(Lk,m)eo

= > {a} nXivk: (1,k,n) € © and —i > n}

=3 [2{a}li.: (1,j—i,n) €6 and n < —i}]x;.

j<0
Hence foreveryi€ A;,i<0andj< 0

(%), 0=>{a' ;,;n=0andn+ (j—i)=0and n< —i}.
Similarly, for everyi€ A_;, i<0and j <0

()¢, 0=>{a%,:n=0andn+ (j—i)=0and i< —n}.
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Choose, if possible, (k,m) such that:

(1) (1,k,m) belongs to O,

@ alm#0,

(3) under (1) + (2), m is minimal.

First assume that m is even; inany case m=0. Leti=:m,j=:i+ ksoi€ A,
(being even), i =0 and j =m + k is = 0 as (1,k,m) € O. In the equation (*); the
term aj ,, appears in the sum, and for every other term a;, ,, which appears in
the sum, we have m; < m (and k; = k). Hence by (3) above it is zero. So it fol-
lows that a,i,,,, is zero, contradiction.

If m is odd, we get a similar contradiction using (*); ;: leti=—-m—1,j=i+Kk,
note m = 0, hence i < 0 and / is even, so i € A;; in the equation (¥); ; the term
aj'_,-,,,=a,§,,,appearsinthesumiffOsn< —i=m+1l,andn+ (j—-i)=n+k=0
(but if the latter fails, a} ,, is not defined), so ai ,, appears, and if another term
a}, m, appears then m, < m (and k; = k), hence @}, ,,, = 0. Necessarily a} ,, is
zero, contradiction.

So a; , = 0 whenever it is defined.

Similarly a;;, = 0 whenever it is defined (use (*)?, + (¥)¢;). Thus we have fin-
ished proviing (b) (i.e. (s,¢) is a free T-module).

F Stage: In particular, for Y from stage C(a), for some a,’c,,,:
Y=>{af ,Yi,;n=0andk+n=0and/€ {1,—-1}}

(with only finitely many g , being non-zero and a;, , € D). Let n(*) < w be such
that

ai, #0=|k|,n<n(*).
Let, for /=1,—1,

MP* = [ >3 d;x;:d; € D and all but finitely many are zeroand d; # 0= i € A,} ,

i=0
M[E = { >} d;x;:d; € D and all but finitely many are zeroand d; # 0= i € A,] .
i<0
Clearly, as a D-module (really, a left one)
Mp =M @ M ®M*® ME
Let Y/ = Y M/ for r € {pos,neg), / € {1,—1]. By (*), (in stage A) we know

X YX_, = XY, hence Y maps M7 into MP{* and M7°® into M2; i.e., YT is
into MPY°, Y18 is into M E.
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Similarly by (%), we know X_,YX; = X_,Y, hence Y maps M"$’ into M and
M"™¢ into M[¢. Also, all those mapping YP*, YP{, Y7, Y"$¥ are endomor-
phisms of D-modules. As Y2 = 1 (again by (*),) we know on Y YP} that
one is the inverse of the other, so both are isomorphisms onto. Similarly for
Y e, Y .

Let M{"® = {¥,50d;x;: d; € D, all but finitely many d;’s are zero and d; # 0 =
i € A;]. Clearly M;™ is a sub-D-module of MP*. (So what is the difference be-
tween M;™ and MP*? Just xo € MP*, xo & M}™).

Let N = [ X,5,(x) diX; :d; € D, all but finitely many are zero and d; # 0 =
i€ A ).

Let HP% : M{'P - M8 be defined by x; HP* = x_; and H"®: M ¢ - M;" be
defined by x; H = x_;. Both are isomorphisms onto and endomorphisms of D-
modules. By now we know Y[t is an isomorphism from M{* onto M"¢, and
also HP*Y[®H"¢ is an isomorphism from M;™® onto MP$*. Note

HPos yf‘eg Hnes
M 2 Mo s (s B pegs,

However, by the choice of n(*) and N, computing directly we see that
YP®IN = (HPSY[®H"8) [ N.

Let N* be the range of Y [ N and hence also of (HP*Y[**H"2) | N. So, as
YP% is an isomorphism from MP* onto MPS* and N € M7, we know N* is a
sub-D-module of MP$* and MP$/N* is isomorphic to MP*/N (as D-modules).

But HPoSY*EH "2 i5 an isomorphism from M onto MP$ and N € M{"®, and
it maps N onto N* (see above), so M;'?/N is isomorphic to MP$*/N*, By the pre-
vious paragraph we get M;'*/N = M}°/N.

Now MP®/N is a free D-module; {x,; + N:0 < 2i < n(*)} is a free basis and
also M;'’/N is a free D-module: {x,; + N:0 < 2i < n(*)} is a free basis; but the
number of generators differ by 1.

Appendix: An alternative older proof

ON THE PRrOOF OF 4.7. We can replace the proof from the first equation of
stage F as follows: '
Let b = X,al ,€D;s0if i€ 2, |i| > n(*)+ 1then

X,'Y= Z bllc(xiyli,n)-

Ie(l,—1}),ke2
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Checking what is (x;Y)Y when i € A, and F ") (i) is well defined (e.g.,
|i] > n(*)+ 1) (i.e., we know (x;Y)Y = x; as Y2 =1, on the one hand, and sub-
stituting on the other hand) we see that:

(a) for I € {1,—1} there is a unique k = &, such that:

bl % Siai . #0.
n

If k, is even and k_, is odd, choose large enough even i < w; then
((Be) "Xk, )Y=x; and  ((bi_) 'xi—i )Y =x;

contradicting “Y is one to one” which follows from Y2 = 1. So “k, is even and
k_, is odd” is impossible. Similarly “k_, is even and k; is odd” is impossible. If
ki,k_, are even we can get a contradiction using the equation X, YX_, = XY
from (*),. So k,,k_, are odd.

Nowas Y2=1:

(b) k, = —k_;; let k(*) =k, and

(Ea;(-),n) (Z“k_(]*),n) =L
n n
Hence

(c) for some non-zero d; € D, d; = d(*) for any integer i with |i| > n(*) + 1,
x;Y = dixpeen gy if 38 even, x;Y = d;7 ' Xp-ker;) if i is odd.
Note
(d) Y maps M* and M into themselves where M = { 3,0 d;x;: d; € D and all
but finitely many are zero},
M?* = {3, 0d;x;:d; € D and all but finitely many are zero}
and M = M? @ M? (as D-modules).
Now, as Y2 =1, M = Rang(Y) = M°Y + M?Y. Hence:
() Y maps M*“ onto M* and M? onto M?.
Note
(f) Y is an automorphism of M as a left D-module.

G Stage: Assume k(*) # 1. Note also that Y maps M*? onto M? and
Mg, = [ P d,-x,-:d,-ED} onto M)k =t { P d,-x,-:ieD}

izn(*) izn(*)+k(*)
ieven iodd

(check directly by (c)).
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By (*), X;YX_; = X Y, hence Y maps M&! into M&™!; similarly, as by (*),
X_YX,=X_,Y, clearly Y maps M{ ! into M§'. As Y? =1, also Y maps M&!
onto M§ ™!, hence Y is an isomorphism from M&! onto M& ! as left D-modules
mapping M2, onto M) k(s> hence MG /MEL, = MEY/MEG) sy but we
easily get a contradiction by computing the dimensions.

What if k£ (*) = 1? Then we use M* and get a similar contradiction if k(*) # —1.
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